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ABSTRACT 
The k-generalized Fibonacci sequence {g:“} is defined as follows: glk’ = ... = 
gLk’, = 0, gik’, = gik’ = 1, and for n > k > 2, gik) = gz?, + gjtk’z + ... +gikJk. 
We consider the relationship between gik’ and l-factors of a bipartite graph and the 
eigenvalues of k-generalized Fibonacci matrix Qk for k > 2. We give some interest- 
ing examples in combinatorics and probability with respect to the k-generalized 
Fibonacci sequence. 0 Elsevier Science Inc., 1997 
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1. INTRODUCTION 
The well-known Fibonacci sequence (F,,) is defined as 
F, = F, = 1 and, for n > 2, F,, = F,_, + F,_z. (1.1) 
We call F, the nth Fibonacci number. The Fibonacci sequence is 
1,1,2,3,5,8,13,21,34,55,89,144 ,.... 
Now, we consider the generalization of the Fibonacci sequence, which is 
called the k-generalized Fibonacci sequence for positive integer k > 2. The 
k-generalized Fibonacci sequence {gik’} is defined as 
(k) = . . . 
g1 = gpn = 0, 
&“‘, = &k’ = 1 
and for n > k > 2, 
gp = gpl + .p, + **. +gpk. (1.2) 
We call g, (k) the nth k-generalized Fibonacci number. For example, if k = 2, 
then {gr)} is the Fibonacci sequence, and if k = 7, then gi7) = ... = gi7) = 
0, ge7’ = g’y” = 1, and then the 7-generalized Fibonacci sequence is 
0,0,0,0,0,1,1,2,4,8,16,32,64,127,253,504,1004 ,.... 
For any k 2 2, the fundamental recurrence relation 
g!k’ = g;k’i + gL”‘a + .** +g;k’k 
can be defined by the vector recurrence relation 
where 
0 1 0 .*. 0 
0 0 1 ..* 0 
0 0 0 ... 1 
1 1 1 ... 
(1.3) 
(1.4 
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By applying (1.2), we have 
= Q; (1.5) 
We call Qk the k-generalized Fibonacci mnutrir. 
In [2], [3], and [5], we can find relationships between the Fibonacci 
numbers and their associated matrices. In this paper, we investigate proper- 
ties of k-generalized Fibonacci numbers and the matrix Qk, which is a 
representation of the k-generalized Fibonacci sequence. 
2. SOME GRAPH PROPERTIES 
In this section, we consider the relationship between gl,‘;’ and the 
number of I-factors of a bipartite graph. 
The permanent of an n-square matrix A = [ai,] is defined by 
where the summation extends over all permutations (T of the symmetric 
group q,. A matrix is said to be a (0, 1) matrix if each of its entries is either 0 
or 1. 
A bipartite graph G is a graph whose vertex set V can be partitioned into 
two subsets V, and V, such that every edge of G joins a vertex in V’, and a 
vertex in V,. A l-factor (or perfect matching) of a graph G with 2 II vertices 
is a spanning subgraph of G in which every vertex has degree 1. The 
enumeration or actual construction of I-factors of a bipartite graph has many 
applications, for example, in maximal flow problems and in assignment and 
scheduling problems. It is a well-known fact that the mimber of l-factors of 
bipartite graph equals the permanent of its adjacency matrix. 
Let G and G’ denote two general graphs of order n, and the adjacency 
matrices of these graphs be denoted by A and A’, respectively. Then the 
general graphs G and G’ are isomorphic if and only if A is transformable into 
A’ by simultaneous permutations of the lines of A (i.e., rows and columns of 
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A). Thus G and G’ are isomorphic if and only if there exists a permutation 
matrix P of order n such that 
PTAP = A’. 
Let A = [aij] be an m x n real matrix with row vectors CX,, (Ye, . . . , cr,,,. 
We say A is contractible on column (row) k if column (row) k contains 
exactly two nonzero entries. Suppose A is contractible on column k with 
ajk f 0 f ujk and i # j. Then the (m - 1) X (n - 1) matrix Aij, k obtained 
from A by replacing row i with a,, CX, + u,~ a1 and deleting row j and 
column k is called the contraction of A on column k relative to rows i and 
j. If A is contractible on row k with ski # 0 and akj # 0 for some i #j, 
then the matrix A, : jj = [ Ayj k]7‘ is called the contraction of A on row k 
relative to columns i and j. 
We say that A can be contracted to a matrix B if either B = A, or else 
there exists matrices A,, A,, . . . , A, (t > 1) such that A, = A, A, = B, and 
A, isacontractionof A,_, for r= l,...,t. 
LEMMA 2.1 [l]. Let A be a nonnegative integral matrix of order n > 1, 
and let B be a contraction of A. Then 
perA =perB. (2.2) 
In the following theorem, we have a bipartite graph for which the number 
of I-factors is the (n + k - I)st k-generalized Fibonacci number. 
THEOREM 2.2. Let G be a bipartite graph isomorphic to the bipartite 
graph with the adjacency matrix #“,k) = [f;,] = T,, + S,, where T,, = [tij] 
is the n x n (0,l) matrix defined by tij = 0 if and only if j > i + 1, and 
S, = [sij] is the n x n (0,l) matrix defined by sij = 1 if and only if 
2 < j - i 6 k - 1. Then the number of l-factors of G is gik,‘)k_ 1. 
Proof. Let $“, k, = 
2. Then, for k > t + 1, 
[$I be the t th contraction of .6”, k), I < t < n - 
f?+ . . . =f:k-r = g:“,‘, 
f:l =f& - g& k-t+l<j,<n-t, 
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and fork <t + 1, 
In any case, we let f/, be zero if f/‘_ , - g,‘“,) _ ” < 0.’ Then 
By Lemma 1, 
Since the permanent is permutation invariant, the proof is complete. n 
COROLLARY 2.3. Let G, he a bipartite graph whose adjacency matrix 
satisfies aij = 1 if and only if Ii - jl < 1. That is, G, is the tridiagonal 
matrix with three bands of ones. Then the (n + 1)st Fibonacci number is 
equal to the number of l-factors of G,.. 
In the next theorem, we consider a bipartite graph G, that is not 
isomorphic to CT, but for which the number of l-factors is again the 
(n + l)st Fibonacci number. 
’ For the cake that j-;,_ , - &_, < 0, the contraction of F,‘“,” could have a negative 
entry. Then it will not be a term in the k th generalized Fibonacci sequence, and so is beyond our 
interest. Also, even though we let it be zero, it does not affect our argument. Thus we have 
assumed it to be a zero for the above case. 
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TIIEOREM 2.4. Let G,: he a bipartite graph with the adjacency matrix 
A,, = [ail] (2.3) 
where a,, = a,,,, = 1, u,, = 1 if i <j or i = j + 1, und otherwise a,, = 0. 
Then the number of l-f&tors of G,. i.7 the (PI + l)st Fibonacci number F, + , . 
Proof. The matrix A,. can be contracted on column 1, and the contrac- 
tion of A,, can be repeatedly contacted in a similar manner. Without loss of 
generality, we may assume that the tth contraction of A,, is 
for 1 < t < n - 2. Hrnce, we have 
F, + ... 2 F, + 2 
1 . . . 1 
1 . . . 1 
1 0 1 
0 1 1 
and by the contraction of U,, :1 on cohlmn 1, then we have 
By Lemma 1, we get 
per A,, = per U,, _2 = F,, + F,, 1 = F,, + 1. 
Since the permanent is permutation invariant, the proof is completed. n 
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3. BOUNDS ON EIGENVALUES OF Qk 
In 1843, Binet found a formula giving F, in terms of n by using 
eigenvalues of Qz: 
1 
F, = J3 
[(qE)“_ (T)“] (3.1) 
In this section, we consider the eigenvalues of k-generalized Fibonacci matrix 
Qk for k > 2. We can easily find the characteristic polynomial of the 
k-generalized Fibonacci matrix Qk . From the characteristic polynomial of 
Qk, it follows that all of the eigenvalues of Qk satisfy 
xk = rk-1 + rk-2 + . . . +x + I. (3.2) 
SO we have the following fact: From the characteristic polynomial of the 
k-generalized Fibonacci matrix Qk, the eigenvalues of Qk satisfy 
Xn = g;%-’ + (gL”‘, + gi”‘, + ... +g~k)k+,)Xk-2 
+ (gi”‘r + g;“‘2 + ... +g;k)k+2)Xk-3 
+ ... +(gik’r + g;k),)X + gi”‘,. (3.3) 
This holds for all positive integers rr > k. 
It can be shown directly for 72 = k that 
xk = gik),k- 1 + (gi”‘r + gL”‘, + ... +g(,“))rk-” 
+ . . . + (g:!$ + g:k),)x + gp, 
= *k-l + Xk-2 
+ a.0 +x + 1. 
We show it by induction on n. Assume that 
X” = g;%r-l + (gi”‘, + g;“J2 + *** +g;k)k+,)Xk-2 
+(gL?r + g;“‘, + *.. +g;k)k+2)xkPa 
+ ... +(gi”‘r + gL?,)x + g;“‘,. 
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For n 2 k. then 
Therefore, by induction on n, the proof is completed. 
Let a, p, and y be the roots of x3 = x2 + x + 1 given by 
and 
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(a- l)(P- Y) 
[(d? 1 + g!L)( P - r> - ( P’l - Y”>]. (3.4) 
By subtracting, 
Since p + y = 1 - a, the proof is completed. 
Let 9={Ix’=(x,,x2 ,..., x,,)ER”:x, ax,> a*. ax,,}. For z,y’~ 
9, x’ < g if C:=, xi < Cf=, yi, k = 1,2,. . . , n and equality holds when 
k = n. When 2 + ij, 2 is said to be m.u@-ized by {. For x’, y’ ~9, Z +W y’ 
if Cf=, xi < Cf;= , yi, k = 1,2,. . . , n. When x’ <u: ij, x’ is said to be submu- 
jorized by f. Th e 0 f 11 owing is an interesting simple fact: 
(F,..., F) < (X1,...‘X”)> (3.5) 
where X = (cy,, x,)/n. 
A real valued function cp defined on a set U c R” is said to be Schur-con- 
0ex on U if 
and Schur-concave on U if 
(3.6) 
(3.7) 
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Denote by Sk(g) the k th I e ementay .symmetric function of x’ = (x 1, xp, 
. . . , x,). That is, 
So(?) = 1, q(2) = f x,, Sz(“‘) = &px,, 
i=l i<j 
SG(Z) = c XiX,Xk,..., S”(2) = fixi. 
i<j<k i=l 
THEOREM 3.2. Let A,, . . . , A, be eigencalues of Qk ordered so that 
(I All,. . . I I&I) ~53. Then 
(l,l,..., 1) $ (b&l, IA11, . . . . l&l). (3.8) 
Proof. Since det Qk = (-l)k”, we have IA11 2 *** > lAkl > 0. So 
(5,. . . )  A) -c (IA,1 ,...> lAkl), 
where x = (C~=,IAiJ)/k. Then det Qk = ( -l)k’l = A, ... A,, and )A1 ... 
A,,1 = 1. Since Sk is Schur concave (see [4]), 
k 
1 =lA, 9.. A,1 Q (x)k = 
Let (b,, . . . , bk) be a vector which is majorized by (1 AJ . . . , ( Ak). Since 
k k 
i=l i=l 
there exists a vector (a,, . . . , a,) such that (al,. . ., a,) +(Li (b,, . . . . b,) and 
Cf= la, = k. Therefore, by (3.5), 
(l,l,..., 1) < (aI,aZ,...,ak) ~U;(IA,l,IA,I,...,IAk(). 
This proves the theorem. W 
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Let B be an m X n matrix. The singular values gi(B) of B are the 
nonnegative square roots of the eigenvalues of the positive semidefinite 
matrix BB* , or equivalently, they are the eigenvalues of the positive semidef- 
mite square root (BB* )lj2, so that 
q(B) = [ A,( BB*)p2 = hj[( BB*)“2]) i = 1,2, . . . . m (3.9) 
The singular values are real and nonnegative. The vector of singular values 
arranged in decreasing order is denoted by 
c+(B) = (q(Jq,...>q;,,(q). (3.10) 
For a positive semidefinite Hermitian matrix H, we have c~,( H) = h&H), 
i = 1,2,. . . , n. Unfortunately, the matrix Qk is not a positive semidefinite 
Hermitian matrix. 
LEMMA 3.3 [4, E.l.b]. For any nonsingular complex matrix A of order n, 
(IA,(A)?,..., IA,(A)I’) 4 (c$(A),...,a,2(A)) (3.11) 
where A,( A) are ordered eigenvalues of A, so that (A,( A), A2( A), . . . , A,,( A)) 
E 8, and ai( A) are ordered singular values of A, so that (u,( A), . . . , a,,( A)) 
E_9,i=l,2 ,..., n. 
LEMMA 3.4 [5]. Let (A,, . . . , Ak) ES such that jbr each i, A, is a 
solution vector of the equation 
xk zz Xk-’ + Xk-2 + . . . fx + 1. 
Then lAkl < 1 und 1 < IAll < 2. 
We now give bounds for eigenvalues that are more accurate. 
THEOREM 3.5. Let 
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2k - 1 
W=k’ 
For the k-generalized Fibonacci matrix Qk, k 2 2, 
P 1/Z < lhkl < 1 and w”’ < lhll < 2. (3.12) 
Proof. Let H = QkQz. Then a,(Qk) = [ hi(QkQ:)]1/2. The vector of 
eigenvalues of QkQE is (7, 1, . . . , 1, p) E 55. That is, 
vl( Qk) = ~l’~, a2(Qk) = ... = ak_,(Qk) = 1, dQd = P”~. 
By Lemma 3.3, 
1 < JA,J < 71j2 and p”” G IA,I. 
Since Ck=IjAi)2 = 2k - 1, 
(W,... >w) -c (IAl12,...;IAr12). 
Thus, zc; < lA,12 and I AklZ =G u;. Therefore, 
and hence 
P ‘I2 < lhkl < 1 and w112 < [A,( < 2. 
This proves the theorem. 
Also, we have 
n 
k < ; lAil < k - 2 + P”~ + T1”, ;Ai= 1, 
i=l i=l 
zGAj = ( -l)k+l. 
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Let g, = gik+)t_p. Then {ii> IS a sequence of the k-generalized Fibonacci 
numbers, gi,k’ and we let 
G( lx) = g, + g2x + &x2 + .** +&xn-’ + ... . 
Then 
G(x) - xG( x) - x2G( x) - ... -xkG( x) = (1 - x - x2 - ... xk)G( x). 
Using Equation (3.3), we have(1 - x - x2 - *.* -xk)G(x) = g, and g, = 1. 
Thus, 
G(x) = (1 -% - x2 - . . . vXk)-’ 
for0 <x +x2 + ... +xk < 1. Further, 
In G( x) = In [l - (X + x2 + ... +x~)]-’ 
= -ln[l - (x + x2 + *** +Xk)] 
=- -(x +x2 + ... +Xk) _ ;( x + x2 + . . . fXk)’ - 1.. 
+ + x2 + . . . +Xk)” - . ..I 
= (x + x2 + **- +xk) + ;( x + x2 + .*. +Xk)2 + ... 
1 
+ -(x + x2 + ... +Xky + ... . 
n 
Therefore, 
G(x) = (1 F-X w.wx2 _ . . . _xk)-l 
i 
c $( n = exp x + X2 + ... +P) . 
n=l i 
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4. EXAMPLES IN COMBINATORICS AND PROBABILITY 
In this section, we consider some interesting examples in combinatorics 
and probability related to the k-generalized Fibonacci numbers. Throughout 
this section we assume that k > 2. 
EXAMPLE 4.1. In how many ways can one make a selection from the first 
n positive integers {1,2, . . . , n} without taking k (2 3) consecutive numbers 
(counting the empty set as a selection)? 
Let a, denote the required number. A selection either contains the 
number n or it doesn’t. If it does not, it must be one of the a,,_, acceptable 
selections that are possible from the first n - 1 positive integers {l, 2, . . . , R 
- 1). If it contains n, then we have two cases: the selection either contains 
the number n - 1 or it does not. If it does not contain n - 1, then it must 
be one of the a,_ a acceptable selections that are possible from the first 
n - 2 positive integers (1,2, . . . , n - 2). For the second case, suppose that it 
contains n - 1. Similarly, we have two cases: the selection either contains the 
number n - 2 or it doesn’t. 
Continuing this process, we now suppose that our selection contains 
n, n - l,..., n - (k - 3). If it does not contain n - (k - 21, it must be one 
of the a,_ (k_ IJ acceptable selections that are possible from the first n - (k 
- 1) positive integers {l, 2, . . . , n - (k - 1)). If it contains n - (k - 2), 
then it must avoid the consecutive value n - (k - 11, and the remainder of 
the selection must constitute one of the a,, _ I; ways of making such a selection 
from the first n - k integers {I, 2,. . . , n - k). 
Consequently, we have that a,, = a,_ 1 + an_2 + ... +an_k; because k 
> 2 and the empty set is counted, we have a, = 2 and a2 = 4. Therefore, 
the sequence {ai) proceeds as 
with nth term a, = gLk+)k, which is the (n + k)th k-generalized Fibonacci 
number, by induction on n. For example, if k = 3, then we have 
a, = 2: 0, (I}; 
a2 = 4:0,{1},(2},{1,2]; 
a, = 7:0,{1},{~),{3},{1~~~~~~~3j,(2~3~ 
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a4 = 13:0,{1},{2},{3} ~(4},{1,2}~~1,3}~{~~4),(2,3}~~2~4j,(3~4~~ 
EXAMPLE 4.2. For positive integers n, k with n > k, how many ways 
can the positive integer n be expressed as an ordered sum of 1,2,. . . , k? (Let 
the number of ways of expressing 0 be taken as one.> 
Let b, denote the number of ways. Now, we only consider the last term 
in the ordered sum of 1,2,. . . , k. Without loss of generality, let n = Ai + ni, 
where A, = n - i and a, is the last term for i = 1,2,. . . , k. If i = 1, then 
A, = n - 1 and a, = 1. So the number of ways of expressing A, is b,,_ 1. If 
i = 2, then A, = n - 2 and a2 = 2. So the number of ways of expressing 
A, is b,_,, and so on. If i = k, then A, = n - k and a, = k. So the 
number of ways of expressing A, is b, _ k. 
Consequently, we have that b, = b, _ , + b,, _2 + *** + b,, _k. Therefore, 
the sequence (bi) proceeds as 
1, 1,2,4,. . . 
with general term b, = gLyp, the (n + 21th k-g eneralized Fibonacci number 
by induction on 12. For example, if k = 3, then 
b, = 1:o; 
b, = 1: 1; 
6, = 2: 1 + 1,2; 
b, = 4: 1 + 1 + l,l + 2,2 + 1,3; 
b,=7:1+1+1+1,1+1+2,1+2+1,2+1+1,2+2, 
1 + 3,3 + 1; 
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EXAMPLE 4.3. What is the probability, in n tosses of a fair coin, of not 
getting k heads in a row? 
A row of n H’s and T’s, representing the outcome of the experiment, is 
acceptable if and only if no k H’s are consecutive. In an acceptable outcome, 
the set of numbers which mark the positions occupied by the H’s constitute a 
selection from (1,2,. . . , n) that contains no set of k consecutive numbers, 
and conversely. Thus there are gllyk successful outcomes, yielding a probabil- 
ity of 
REFERENCES 
R. A. Brnaldi and P. M. Gibson, Doubly stochastic matrices. I. Applications of the 
permanent function, J. Corn&n. Theory Ser. A 22:194-230 (1977). 
R. Honsberger, Mathematical Gems III, Math. Assoc. Amer., 1985. 
G.-Y. Lee and S.-G. Lee, A note on generalized Fibonacci numbers, Fibolzacci 
Quart., 33:273-277 (1995). 
A. W. Marshall and I. Olkin, Inequalities: Theory of Mujorkation and Its Applicu- 
tions, Academic, New York, 1979. 
E. P. Miles, Jr., Generalized Fibonacci numbers and associated matrices, Amer. 
Math. Monthly, Oct. 1960, pp. 745-752. 
Received 8 November 1994; final rnurwscript accepted 16 ]une 1995 
